The recoil, vacuum polarization and electron vertex corrections of first and second orders in the fine structure constant α and the ratio of electron to muon and electron to α-particle masses are calculated in the hyperfine splitting of the 1s
The recoil, vacuum polarization and electron vertex corrections of first and second orders in the fine structure constant α and the ratio of electron to muon and electron to α-particle masses are calculated in the hyperfine splitting of the 1s 1/2 state of muonic helium atom (µe 4 2 He) on the basis of a perturbation theory. We obtain total result for the muonically excited state hyperfine splitting ∆ν hf s = 4295.66 MHz which improves previous calculations due to the account of new corrections and more accurate treatment of the electron vertex contribution. 
I. INTRODUCTION
The muonic helium atom (µe 4 2 He) represents the simple three-body atomic system. The interaction between magnetic moments of the muon and electron leads to the hyperfine structure (HFS) of the S-wave energy levels. Whereas the ground state hyperfine splitting was measured many years ago with sufficiently high accuracy in [1, 2] ∆ν hf s exp =4465.004 (29) MHz, the excited states in muonic helium atom were studied significantly smaller. Nevertheless, during the formation of muonic helium atoms the negative muon is kept by positive α-particle and is found to be in excited state. The lifetime of excited state with the muon locating in the 2S-state is sufficient to measure its hyperfine splitting. This can be important for the check of quantum electrodynamics for three-particle muonic bound states.
At present, hydrogen-like bound-state physics in QED is reliably developed [3] [4] [5] [6] [7] . Contrary to two-particle bound states whose energy levels were accurately calculated in quantum electrodynamics [3] [4] [5] [6] [7] , the hyperfine splitting of three-particle muonic states was studied on the basis of perturbation theory (PT) and variational approach with smaller accuracy [8] [9] [10] [11] [12] . There are several calculations devoted to HFS of the excited state 1s 1/2 in muonic helium atom [13] [14] [15] [16] . In these papers different order corrections to HFS were studied by perturbation theory, variational method and Born-Oppenheimer approach. The accuracy of the calculations lies in the interval of several tenth parts of MHz. The variational method gives high numerical accuracy of the calculation what was demonstrated in [10, 12, 13, 15] . The correlated wave functions of the state 1s (e) 1/2 2s (µ) 1/2 were constructed and higher order corrections to the hyperfine splitting were also accounted for in this approach in [15] . It is appropriate to mention here that three-particle kinematics was chosen for the description of muonic helium in [8, 9, [13] [14] [15] by different ways. So, numerical results of obtained corrections of different order in α and the ratio of the particle masses are difficult for direct comparison.
Bound particles in muonic helium have different masses m e ≪ m µ ≪ m α . As a result the muon and α-particle compose the pseudonucleus (µ + and muonic helium atom looks as a two particle system in first approximation. The existence of such mass hierarchy enables to formulate a perturbation theory for the calculation of the energy levels. The perturbation theory approach to the investigation of the hyperfine structure of muonic helium based on nonrelativistic Schrödinger equation was developed in [8] . Using their method we describe the excited state in three-particle bound system (µe 
where x µ and x e are the coordinates of the muon and electron relative to the helium nucleus, 
where σ e and σ µ are the spin matrices of the electron and muon. In initial approximation the wave function of the excited state 1s
1/2 has the form:
where W µ = 2αM µ , W e = αM e . Then basic contribution to the singlet-triplet hyperfine splitting can be calculated analytically from contact interaction (3):
Numerically, the Fermi splitting is equal ν F = 4516.915 MHz. We express further the hyperfine splitting contributions in the frequency unit using the relation ∆E hf s = 2π ∆ν hf s . For the sake of definiteness we write all numerical values with an accuracy 0.001 MHz. The recoil correction of first order in the ratio M e /M µ in (5) amounts to ∆ν hf s rec = −6
Me Mµ ν F = −134.769 MHz. The muon anomalous magnetic moment correction is equal to ν F κ µ =5.266 MHz. Modern numerical values of fundamental physical constants are taken from the paper [17] : the electron mass m e = 0.510998928(11) · 10 −3 GeV , the muon mass m µ = 0.1056583715(35) GeV , the fine structure constant α −1 = 137.035999074(44), the helium mass m α = 3.727379240(82) GeV, the electron anomalous magnetic moment κ e = 1.15965218076 (27) ·10 −3 , the muon anomalous magnetic moment κ µ = 1.16592091(63)·10 −3 . In this work we aim to extend the approach of Lakdawala and Mohr [8] to the case of HFS of the excited state 1s (e) 1/2 2s (µ) 1/2 in muonic helium atom. The terms of the Hamiltonian ∆H and ∆H rec give important recoil corrections in second order perturbation theory. A feature that distinguishes light muonic atoms among other simplest atoms is that the structure of their energy levels depends strongly on the vacuum polarization (VP) effects, nuclear structure and recoil corrections [18] [19] [20] [21] . So, we investigate the role of all such potentially important corrections to excited state HFS in muonic helium. Another purpose of our study consists in the improved evaluation of the electron one-loop vertex corrections to HFS of order α 5 using analytical expression of the electron electromagnetic form factors [22] .
II. RECOIL CORRECTIONS
Along with small parameter α there are two other small parameters in this task equal to the ratio of the particle masses M e /M µ and M e /m α . They determine the recoil corrections which can be calculated by the perturbation theory. First recoil correction is presented in (5) . Let us consider the recoil contribution in second order perturbation theory. For its study we use the initial expression for second order correction to the HFS from [8, 22] :
where the superscript (2) designates the correction in second order perturbation theory. The prime near the sum symbol means that the term with n = 2, m = 0 is excluded. ∆H(x 1 , x 2 ) is determined by (2) , E µ is the Coulomb muon energy in the 2S-state, E e is the Coulomb electron energy in the 1S-state. It is useful to extract in (6) several contributions. If the muon is in the 2S intermediate state
where the Coulomb reduced Green's function of the electron (see [23] )
(12) Integrating analytically in (11), we can present the expansion of final result in M e /M µ up to terms of third order in the form:
In addition, there exists in (6) the contribution corresponding to excited states of the muon:
It can be calculated analytically in the leading order in M e /M µ if we replace the exact Green's function of the electron G e (x 3 , x 1 , E µ + E e − E µ,n ) by free Green's function
Replacing also the electron wave function by its value at the origin ψ e (0) and integrating over the coordinate x 1 in (14) we obtain (see [8, 22] ):
where the expansion in b/W µ ∼ M e /M µ is performed. The term 1/b does not contribute. Taking second term in (16), we use further the completeness condition:
where we write explicitely subscripts 2S and 2P corresponding to n = 2 muonic states. Then the contribution of each component from (17) can be calcuated analytically together with the term 1 2 |x 2 − x 3 |. We obtain following results corresponding to the 2S and 2P states in (17):
Note that the order O(M e /M µ ) corrections in (13) and (18) corresponding to 2P -state cancel in the sum. To increase the accuracy of the calculation we analyze third term in (16) . It can be expressed in terms of the following sum [3, 8] :
The discrete and continuum states contributions to (19) are equal correspondingly [25] :
arctg(2k) = 1.563....
As a result the contribution of third term from the expansion (16) is equal to
Another set of recoil corrections in second order PT is determined by the perturbation
In this case the basic contribution to HFS is the following
where we substitute
The muon 2S-state does not contribute in (22) . In the case of the 2P muon intermediate state when ψ µ,n =ψ µ,2P , we can integrate at first over angle variables. Then we obtain the radial integral
. So, we should consider the muon intermediate states with n = 2 in (22) . Acting as in (14) we obtain:
Then we can integrate over x 1 and expand the result over small parameter b:
Taking first term in square brackets we obtain two radial integrals which determine the contribution (24) for the transition 2S → nP (n > 2):
Extracting two contributions to the product of J 1 and J 2 corresponding to descrete and continuum states we present the correction (24) in the form [25] :
3 ) in the expansion (25) is not dependent on n. So, we can present its contribution using the completeness condition:
Only the δ-term in (28) gives nonzero correction of second order in the ratio of particle masses: Special attention has to be given to the recoil corrections connected with two-photon exchange diagrams shown in Fig.1 in the case of the electron-muon hyperfine interaction. For the singlet-triplet splitting the leading order recoil contribution to the interaction operator between the muon and electron is determined as follows [6, 15, 26] :
Averaging the potential ∆V hf s rec,µe,2γ over the wave functions (4) we obtain the leading order recoil correction to the hyperfine splitting:
There exist also the two-photon interactions between the bound particles of muonic helium atom when one hyperfine photon transfers the interaction from the electron to muon and another Coulomb photon from the electron to the nucleus (or from the muon to the nucleus). Supposing that these amplitudes give smaller contribution to the hyperfine splitting we include them in the theoretical error.
III. ELECTRON VERTEX CORRECTIONS
In the initial approximation the potential of the hyperfine splitting is determined by (3). It leads to the energy splitting of order α 4 . In QED perturbation theory there is the electron vertex correction to the potential (3) which is defined by the diagram in Fig. 2(a) . In momentum representation the corresponding operator of hyperfine interaction has the form [22] :
where
is the electron magnetic form factor. We extracted for the convenience the
Usually used approximation for the electron magnetic form
M (0) = 1 + κ e is not quite correct in this task. Indeed, characteristic momentum of the exchanged photon is k ∼ αM µ . It is impossible to neglect it in the magnetic form factor as compared with the electron mass m e . So, we should use exact oneloop expression for the magnetic form factor [27] . Trying to improve the previous estimation of the correction due to the electron anomalous magnetic moment we will use further exact one-loop expression for the Pauli form factor g(k 2 ) known from the QED calculation (see [27] 
The electron vertex corrections. The dashed line represents the Coulomb photon. The wave line represents the hyperfine part of the Breit potential.G is the reduced Coulomb Green's function.
Using the Fourier transform of the potential (32) and averaging the obtained expression over wave functions (4) we represent the electron vertex correction to the hyperfine splitting as follows [22] :
(33) Let us remark that the contribution (33) is of order α 5 . Numerical value (33) is obtained after numerical integration with the exact one-loop expression of the Pauli electron form factor g(k 2 ) [27] . If we use the value g(k 2 = 0) then the electron vertex correction is equal 5.246 MHz. So, using the exact expression of the electron form factor g(k 2 ) in the one-loop approximation we observe small decrease of the vertex correction to the hyperfine splitting from 1γ interaction. Taking the expression (32) as an additional perturbation potential we have to calculate its contribution to HFS in second order perturbation theory (see the diagram in Fig. 2(b) ). In this case the dashed line represents the Coulomb Hamiltonian ∆H (2) . Following the method of the calculation formulated in previous section we divide again total contribution from the amplitude in Fig. 2(b) into several parts which correspond to the muon ground state (n = 2) and muon excited intermediate states (n = 2). In this way first contribution with n = 2S takes the form:
where ∆V µ (x 1 ) is defined by (9) and
Substituting the electron Green's function (8) in (34) we perform all coordinate integrations analytically and write (34) in integral form (a 1 = km e /W µ ):
where we expand also the integral function in the numerator in small parameter M e /M µ and carry out last integration numerically. Second part of the vertex contribution ( Fig.2(b) ) with n = 2P has the following general form:
Then we make two subsequent integrations over coordinates x 2 and x 4 :
Finally, after analytical integration over coordinates x 1 and x 3 with the Green's function (12) we present the correction (37) in the form: The expansion of integral function in the numerator of (40) is used up to terms of order O(M e /M µ ). In order to evaluate the vertex contribution due to excited states of the muon we replace as above in (15) exact Green's function of the electron by free Green's function. Then our starting point for the calculation is related with the following expression:
The integration over x 1 is done in (16) . The term proportional to 1/b does not contribute because of the orthogonality of wave functions. The contribution of second term in square brackets in (16) can be transformed initially by means of completeness condition:
Then the integration over particle coordinates is performed analytically in all terms in (42 
The electron vertex corrections investigated in this section have the order α 5 in the hyperfine interval. Summary value of all obtained contributions in second order PT is equal to 0.750 MHz. Summing this number with the correction (33) we obtain the value 5.828 MHz. It differs by a significant value 0.582 MHz from the result 5.246 MHz which was used previously by many authors for the estimation of the electron anomalous magnetic moment contribution (see [8, 14, 15] . 
IV. EFFECTS OF VACUUM POLARIZATION
The vacuum effects change significantly the interaction (1)-(2) between particles in muonic helium atom. One of the most important contributions is related with the vacuum polarization (VP). The value of the electron vacuum polarization corrections to the hyperfine splitting is determined by the parameter equal to the ratio of the Compton wave length of the electron and the radius of the Bohr orbit in the subsystem (µ 4 2 He) + : M µ α/m e = 1.46727 . . .. It is impossible to use the expansion in α for such contributions. So, we calculate them performing the analytical and numerical integration over the particle coordinates and other parameters. The effect of the electron vacuum polarization leads to the appearance of a number of additional terms in the Hamiltonian operator describing (e − α)-, (µ − α)-and (e − µ)-interactions which we present in the form [20, 22, 27] :
where x eµ = |x e − x µ |. They give contributions in second order perturbation theory and are discussed below. In first order perturbation theory the contribution of the vacuum polarization is connected with the modification of the hyperfine splitting part of the Hamiltonian (3) (the diagram in Fig.2(a) ). It is described by the expression [18, 19] :
Averaging the potential (47) over the wave function (4) we obtain the following expression:
where the superscript (1) designates the correction of first order PT and the subscript e − µ corresponds to the electron-muon interaction. There are two integrals over the muon and electron coordinates in (48) which can be calculated analytically. As a result the correction (48) takes the form of one-dimensional integral in the parameter ξ (a 2 = m e ξ/M µ α):
In the leading order this contribution has fifth order in α and first order in the electron-muon recoil parameter M e /M µ . The similar contribution of the muon vacuum polarization to the hyperfine splitting is extremely small (∼ 10 −6 MHz). Let us consider corrections of the electron vacuum polarization (44)-(46) in the second order perturbation theory (the diagram in Fig. 2(b) ). The contribution of the operator (44) to the hyperfine splitting can be written as follows:
Here the summation is carried out over the complete system of the electron and muon eigenstates excluding the state 1s (2) V P,eα = 32α
(51) Using the electron Green's function (8) we perform analytical integration over coordinates x 1 and x 3 and present (51) as follows:
This contribution has the same order of the magnitude O(α 5 M e /M µ ) as the previous one in first order perturbation theory. The similar calculation can be performed in the case of muon-nucleus vacuum polarization operator (45). The intermediate electron state is the 1S state and the reduced Coulomb Green's function of the system transforms to the Green's function of the muon. The correction of the operator (45) to the hyperfine splitting is obtained in the following integral form:
x 2 x 3 8x < −4x
Integrating over coordinates we obtain: The vacuum polarization correction connected with the operator (46) in the second order perturbation theory is the most difficult for the calculation. Indeed, in this case we have to consider the intermediate excited states both for the muon and electron. We have divided total contribution into several parts. The first part in which the intermediate muon is in the 2S state can be written as:
Me Mµ
where the function V V P µ (x 1 ) is equal to (58) we obtain the following result with an accuracy O(M e /M µ ): (2) V P,µe,2P = 16α
Averaging over the directions of the vector n 3 < (n 3 n 2 )(n 3 n 1 ) >=(n 1 n 2 )/3 and evaluating the integral
, we find this contribution numerically: 
Then we have replaced in (62) exact electron Coulomb Green's function G e by free electron Green's function (15) which contains the parameter b = [2M e (E µ,n − E µ − E e ] 1/2 . We also replace the electron wave functions by their values at the origin neglecting higher order recoil corrections. After that the integration over x 1 can be done analytically:
. . .
where we have performed small-parameter b 1 = b/W µ expansion. For the further transformation we use the completeness relation (17) dividing total correction (62) into three terms. The coordinate integration in each of the terms can be presented individually in analytical form. As a result the correction (62) is reduced to one-dimensional integral over the parameter ξ which is evaluated with high accuracy numerically: Table I .
There exists another contribution of the second order perturbation theory in which we have the vacuum polarization perturbation connected with the hyperfine splitting part of the Breit potential (1) (see Fig. 5 ). Other perturbation is determined by ∆H (2). We can divide this correction into three parts. One part corresponds to the muon in the 2S-state. The δ-function term in (47) gives the following contribution at n = 2 (compare with (10)):
Obviously this integral is divergent. So, we have to consider the contribution of second term in (47) to the hyperfine splitting which is determined by more complicated expression:
V P,12,2S = − 
where the matrix elements entering in (66) are defined by (9) and (57). Integrating over all coordinates in (66) and summing it with (65) we obtain the following convergent integral in ξ in the leading order with respect to the ratio (M e /M µ ):
V P,11,2S + ∆ν (2) V P,µ−e,n =2S,2P = −
where free Green's function of the electron (15) is used. Changing ψ e (x 1 ) → ψ e (0) and using first nonzero term in the expansion (16) we present the contribution of the δ-function from (69) in the form:
As expected the integral (70) in ξ is divergent. We should consider together with it another term from (69):
All three terms in square brackets give the contributions in (71). They can be evaluated in the same way as in previous sections. The sum of expressions (70) and (71) is determined by finite integral which is calculated numerically:
V P,11,n =2S,2P + ∆ν Table I . In their calculation we use systematically the expansion in M e /M µ retaining first order terms. So, all corrections evaluated in this section are of second order in two small parameters α and M e /M µ .
V. NUCLEAR STRUCTURE CORRECTIONS
In the leading order in α the nuclear structure corrections to hyperfine splitting are determined by the charge radius of α-particle r α . Considering the interaction between the muon and the nucleus we can present the nuclear structure correction in the interaction operator in the form [6] :
where the subscript str designates the structure correction. The contribution of the operator ∆V str,µ−α to the hyperfine splitting appears in second order perturbation theory (see the diagram in Fig.5 ). We can write it in the integral form: 
We have included in Table I the total nuclear structure contribution which is equal to the sum of numerical values (75) and (76).
VI. CONCLUSION
In this work we have performed the analytical and numerical calculation of some basic contributions to the hyperfine splitting of the excited state 1s 1/2 in muonic helium atom connected with the recoil effects, electron vertex corrections, vacuum polarization and nuclear structure effects. We used the perturbation theory for this task as it was formulated previously in [8] . As was shown by Lakdawala and Mohr that the ground state hyperfine splitting in muonic helium atom can be expressed analytically by a series in the ratio M e /M µ . We extend their method to the case of the excited state 1s Table I in which we give also references to the calculations of some other corrections which are not considered here. We have included in the total value of the hyperfine splitting the recoil logarithmic correction obtained in [14] in third order PT, the relativistic correction obtained in [15] , the electron vertex correction of order O(α 2 ) known from the theory of hydrogenic atoms [6, [28] [29] [30] . Our numerical result 4295.66 MHz is, in whole, in the agreement with the earlier performed calculations by the perturbation theory and variational method: 4291.50 MHz [14] , 4287.01 ± 0.10 MHz [15] . Our analytical expressions of different recoil corrections are in agreement with the calculation in [14] . Comparing our results (10), (13) , (18), (21), (29) with [14] we can find their coincidence in the leading order in m e /m µ , m e /m α and logarithmic terms . We should take into account that the used definition of reduced masses M e and M µ of the particles is different from m * e and m * µ in [14] . The correspondence between our results and basic expression (62) from [14] can be revealed if we use the relation: M e /M µ = m * e /m µ + m * e /m α . It is interesting to note that the recoil correction of order m e /m α appears in our kinematics from the definitions of reduced masses M e and M µ . The recoil Hamiltonian ∆H rec gives the contribution in second order perturbation theory of order M 2 e /m α M µ (29) . Numerical differences of our results from [14] are determined by different choice of threeparticle kinematics, higher order corrections M Table I because we preserve corrections of higher order presenting (5) in the form ν F (1 + κ µ )(1 − 6M e /M µ + 21M . Another important source of the difference is specified by more accurate calculation of the electron vertex correction in section III related with the Pauli form factor. We use exact expression for it making numerical integration in corresponding amplitudes. Finally, we use in hyperfine splitting part of the Hamiltonian the factor (1 + κ µ ) related with the muon anomalous magnetic moment what also gives definite modifications of numerical results. Our summary value of the vacuum polarization effects 0.198 MHz agrees with the result 0.229 MHz obtained by variational method calculation in [15] .
Effects of the nuclear structure give negligibly small contribution to hyperfine splitting. In muonic helium atom the muon strongly interacts with α-particle at distances of order r ∼ 1/M µ α. It was discovered recently in the muonic hydrogen Lamb shift experiment that the experimental value differs from theoretical one on 0.3 meV with CODATA value of the proton charge radius [31] . This disagreement between the proton charge radius extracted from Lamb shift measurements of muonic and electronic hydrogen can be considered as the appearance of new muon physics [32] . The plans to measure the (2S − 2P ) transition frequencies in muonic helium ions (µ + with an accuracy of 50 ppm can help to solve the proton radius puzzle [33] . In the case of muonium the most precise comparison between theory and experiment is possible [6, 34] . It will be interesting to use muonic helium atom for the comparison of theoretical value of hyperfine splitting 4295.66 MHz with experimental data for the revealing of new interactions in muonic sector. Main theoretical error in our calculation is connected with uncalculated in full recoil contribution of second order ν F M 2 e M 2 µ ≈ 0.11 MHz. In addition, the electron vertex corrections in twophoton processes which are estimated in this work very approximately also give essential error ν F α 2 ≈ 0.25 MHz. Thereby, the total theoretical error does not exceed ±0.40 MHz, but large values of coefficients can essentially change preliminary estimate. Further improvements of the theoretical result require more careful construction of the three-particle interaction operator connected with the multiphoton exchanges.
